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Abstract

This paper describes a model-based controller for the regulation of a proton exchange membrane (PEM) fuel cell. The model accounts
for spatial dependencies of voltage, current, material flows, and temperatures in the fuel channel. Analysis of the process model shows that
the effective gain of the process undergoes a sign change in the normal operating range of the fuel cell, indicating that it cannot be stabilized
using a linear controller with integral action. Consequently, a nonlinear model-predictive-controller based on a simplified model has been
developed, enabling the use of optimal control to satisfy power demands robustly. The models and controller have been realized in the
MATLAB and SIMULINK environment. Initial results indicate improved performance and robustness when using model-based control in
comparison with that obtained using an adaptive controller.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction using traditional fossil fuels. Whatever the actual configura-
tion, the basic principles remain the same.

Fuel cells are chemical engines that convert chemical po- The dynamics of fuel cells are complex and include the
tential into electrical power. Since they are not based on tem-mass transport of materials through the membrane and to
perature differences, they are not subjected to Carnot’s limit and from the electrodes, reaction mechanisms and rates
of efficiency. In addition, common pollutants such as sulfur at the electrodes, voltages and currents produced depend-
dioxide and nitrous oxides are avoided since the process doesng on the pressures, temperatures and concentrations at
not involve combustion. These advantages, together with thethe electrodes, overpotential and Ohmic losses of voltage
reduction of greenhouse gases and fuel consumption due tahroughout the process. Several alternative models of dif-
higher efficiencies and the possibility of alternative energy ferent complexity have been proposed to describe the per-
sources, have generated enormous interest in fuel cells forformance of fuel cells under an array of conditions (e.g.,
stationary as well as mobile applications. [4,12,8). These models are then used to evaluate optimal

The heart of the fuel cell system consists of two elec- schemes of external heating, water manageijgrnd fuel
trodes: the anode and cathode. The most basic system usesomposition.
pure hydrogen as fuel, which is oxidized at the anode, pro- The dynamic response of fuel cells is important for vehic-
ducing electrons and protons. The electrons are released talar applications, where power demands fluctuate, and the
an external circuit, where they can be used to perform work, fuel cell does not usually operate at the optimal steady-state
while the protons diffuse through a membrane to the cath- designed by the fuel cell manufacturer. A empirical model
ode. At the cathode, oxygen reacts with the electrons from for the transient response of a fuel cell was developed by
the external circuit and protons from the anode reaction, [1]. However, this model is lumped and therefore does not
forming water. Other systems are being developed, includ- accurately portray the spatial dependencies in the system.
ing the use of methanol as fuel (fed directly to the fuel cell In a similar fashion Kang et a[7] present an analysis of
[10], or reformed externally to produce hydrogen) and even a dynamic model for a molten-carbonate fuel cell (MCFC),

where the system is modeled as a collection of first order
* Corresponding author. Tek:972 4 8292 006; fax+972 4 82905 672, transfer functions with dead times. Pukrushpan ef$l.
E-mail address: dlewin@tx.technion.ac.il (D.R. Lewin). present a nonlinear, zero-dimensional, dynamic model of a
URL: http://tx.technion.ac.itdlewin/pse.htm. fuel cell, but this model is also empirical.
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Nomenclature

A heat exchange area per unit length (cm)

a water activity

c concentration at membrane surface (mofgm

C, mass heat capacity (J/(g K))

d channel height (cm)

D diffusion coefficient in diffusion layer (cAts)

Do intradiffusion coefficient of water in
membrane (ci1s)

D* diffusion coefficient of water in
membrane (ci1s)

e membrane area per unit length (cm)

f cross-section of solid (cfh

F Faraday's constant (Col/equivalent)

h channel width (cm)

I current density (A/crf)

lo exchange current density (A/én

k heat conduction coefficient (W/(cm K))

ke condensation rate constant t

Ko water permeability (cH)

L channel length (cm)

M molar flow (mol/s)

Win,dry membrane dry weight (g/mol)

Ng electro-osmotic coefficient of water in
membrane (molecules/protons)

P pressure (atm)

T temperature (K)

tm membrane thickness (cm)

U convective heat transfer coefficient
(W/(cm? K))

\Y, voltage (V)

Greek symbols

n Water viscosity (g/(cm s))

o Ratio of water molecules per proton
flux (molecules/protons)

8 Diffusion layer thickness (cm)

AH Enthalpy of overall reaction (J/mol)

AHyap Enthalpy of water evaporation (J/mol)

o Density (g/cnd)

pmdry Dry membrane density (g/ctn

o Membrane conductivity (Ohmt cm1)

Subscript

a Anode

avg Average

c Cathode

cool Coolant

g Gas

Ho Hydrogen

in Inlet

inf Surroundings

N2 Nitrogen

O2 Oxygen

oc Open circuit
S Solid

set Set point

w Water
Superscript

I Liquid

sat Saturation

\ Vapor

This paper focuses on the crucial issue of how to control
the fuel cell to ensure acceptable response time for the power
demand, while achieving high efficiencies over the entire
operating range. To assist in addressing this isSaetion 2
presents a spatial, time-dependent model of a fuel cell. The
analysis of fuel-cell controllability follows, relying on the
developed model, as well as the synthesis of an adaptive
controller, intended to account for the observed sign-change
in the process static gaiection 3describes an alternative
approach, relying on a reduced-order model, and the use
of the model in a robust model predictive control (MPC)
scheme, which satisfies the power demand over a wide range
of conditions, and is demonstrated to provide performance
superior to that of the adaptive scheme.

2. Modd formulation and solution

The model is based on the concept presented18y,
where a fuel cell is modeled along its channel, as shown
in Fig. 1L The model accounts for heat transfer between
the solid and the two gas channels, and between the solid
and cooling water. The water content is modeled, as well,

X
H:0, O, N, H,0, H,
CATHODE ANODE
EXIT EXIT \4
s
Y

y

Fig. 1. Schematic diagram of fuel cell channel.
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calculating the condensation and evaporation, water dragcombined effect of diffusion by concentration and pressure

through the membrane, and water generation at the cath-gradients along the membrane and water molecules dragged
ode. The energy balance on the solid is modeled dynam-across the membrane by the current. The ratio of water

ically whereas all the other equations are assumed to bemolecules per proton, is given by

at quasi-steady-state for a given solid temperature profile.

Other equations vary slightly from those presented by Yiand o, — ,, - —_p*=% _ , P~ “'W
Nguyen, as well. Namely, the heat generation term is taken I(x)  dy w 1(x) dy
from Berger[3], since this term can be easily expressed in ~ e — LD* Cw,c — Cw,a
terms of temperature (although this has not been carried out d I(x) tm
in the present study). (cwa+cwe) kp F Puyc— Pua
The dynamics of the electrochemistry, as well as the tran- T ; m T ()

sient response of the fluids in the channels (anode cathode

and coolant), are assumed to be instantaneous relative to the The water vapor content of the cathode is modeled using
thermal transient response of the solid. Consequently, con-the following equation, which includes the generation of
servation equations that model the entire system, with the water by reaction

exceptlon of the fuel cgll solid support, are formulateo_l in dMY, (%) dM\'N S0 i he(x)
quasi-steady-statd]. This greatly reduces the complexity d’ =— d’ + —I(x) + I(x) (6)
of the system since it is reduced to a one-dimensional prob- ¥ . 2F F
lem.For a given local current density (A/éjnthe reactants The local temperatures in the anode, cathode and coolant
are consumed as follows channels are affected by heat transfer between the mass sur-
dMy, (x) h face and the fluid
— 2 =~ (x) 1) B
dx 2F A7) _ UghglTs®) = Tu)} -
dMo, (x) h 1) @ dx >iCpiMi(x)
TR ix
dx 4ar dTcool(x) _ UcoolAcoolf Ts(x) — Tcool(x) } (8)
The change in the flow rate of liquid water in each flow dx Cp,wMcool
channel, which is influenced solely by evaporation and con- o .
densation, is given as The cell voltage is inversely proportional to the current den-
sity, and related to the partial pressures of the species, using
dM! . (x) kehd MY (x) the Nernst and Tafel equatiof]
W,k — C NW,k Pk _ vavat(Tk) ,
de RT3 M) [P = (2262)]
k=ac (3) Ha.b 2FDH,
S _ T s 05
This implies that the rate of condensation/evaporation is V=V RTI X[ F02,bX 4FDo,
proportional to the difference between the partial pressure cell = Voc F 2F n 81(x)
. PHZO,b(x) + 2ED
of water and the saturation pressure at the local tempera- H20
ture. Note that in the event of no liquid water and a partial
pressure lower than the saturation pressure, this equation
is qot \_/alid. (S_eeAppendix Con how_this is dealt with RT 1(x) 1(X)tm
during integration). The water vapor in the flow channels - 7'” 510 TS ) 9)
is affected by a number of mechanisms: (a) water vapor Io (POz,b(x) - m) m

is generated at the cathode by the reaction of oxygen with i o ) )

the proton and electron; (b) water vapor diffuses through  1hiS equation is derived as shownAppendix A Thus,
the membrane; (c) water vapor is dragged through the the effective ce_llvoltage |sth_e ther_moc_;lynamlcally reversﬂ_ale
membrane by migrating protons (from the anode to the cell voltage_ minus the O_hmlc, activation anc_i concentration
cathode); (d) liquid water can condense and evaporate base@Verpotentials. The partial pressures are simply the molar
on the partial pressure of water and the saturated pressur&@tios multiplied by the electrode pressure

(temperature-dependent). These mechanisms are included M,

in the following equation, which models the anode flow P = Z_Mjp (10)
channel

dMY, .(x) dM\IN L0 ha() The following are empirical expressions of the various

1(x), (4) constants used in the model equations (followfibg)])

dx dx F

where the first term on the right is the condensation or o = <0.00511Wm’dwcwa _ 0.00326) exp(i — i)
evaporation of the water and the second is the net migration pdry 303 Ts

of water across the membrane. This net migration is the (12)
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pdr;/ (0.043+ 1784 — 39.85a,f n 3602) 2.1. Solution procedure
m,dr
Corp= ’ ar <1 k=ac (12) _ Eq.. (18)is integ_rate(_j using.the Craqk—Nichplson_method,
’ (144 1.4 — 1)) in which the partial differential equation is discretized, re-
m.dry sulting in a system of algebraic equations that defines the
@ >1 k=ac dependence between the solid temperature profiles for con-
MY p secutive times. For each time-step in the integration, the
ay = LS k , k=ac (13) guasi-steady state ODEEds. (1)—(8) are integrated, and
2. Cp.iMi(x) Psal Ty — 273 the surface temperature profile is calculated for the next

time-step. Full details of the Crank—Nicholson method and
calculations are presented Appendix D
During the integration of the ODEs the cell voltage is
(14) set. If the system is modeled for constant voltage, the aver-
age current density is calculated for every time step of the
Crank—Nicholson integration by integrating the valuelxf
i 0.0049+ 2.02415 — 4.5302 + 4.0%3 aa <1 overx and dividing by the length of the channel. However,
d =

Poa(T) = 10218+2.95x 10727-9.18x10757%+1.44x 1013

1.59+ 0.15%a, — 1) aa > 1 if the system has a set current density, the voltage is guessed
and iteratively manipulated (using the secant method) un-
til the calculated current density converges to the set value.
1 1 This procedure is problematic, since there is no guarantee
D* = ngDg exp (2416(53 - 7)) (16) that the system (with specific flow rates, concentrations and
s temperatures) can attain the desired current density. A better
alternative, would be to specify an external load resistance,
A Hyap(T) = 45, 070— 41.94T + 3.44 107372 Rext, and then match the estime_ltvge" wi_th the calculated
6.3 o value,Vcaic = lavgcalc X Rext. This equation can always be
+254810°7T° - 898 x 10T (17) fulfilled since it is based on physical behaviors, as opposed
to arbitrary guesses. This has not been implemented in this
paper, to allow for comparison with results in the literature.
The data used for the simulation is based on the study by
Trung and Nguyen (1998), and is presentedable 1
The model formulated above constitutes a set of implicit

(15)

The heart of the model is a spatial, time-dependent partial
differential equation describing the local temperature of the
solid cell support

aTs PTs  UgAg

pSCpSE =ks e + 7 (Ta+ Tc — 2Ty) equations, since, as shown Appendix D the equations
depend nonlinearly on the solid temperature. To reduce the
+ M(Tcool_ To) — i (ﬁ + an) I(x) computation time inherent in the implicit formulation, a
f f\2F partially-explicit approximation was developed as an alter-
1 dMy, ,(x)  dMl, () native, where the nonlinear expressions of the solid temper-
+ }AHV&P(D dx dx . (18) ature are used explicitly, leading to a linear system for each

time step. To compare the difference between the solutions
with boundary conditions obtained using the original implicit formulation with a par-
tially explicit approximation, the system transient is com-

k s = Ue(Ts — Tint) puted starting from a uniform solid temperature of 343K
x |,_o (19) using the data from the base case. The evolution of the av-
9Ts erage temperature and power density with time for varying

k O L = —Uc(Ts — Tinf) time-step sizes are presented for both methoésgn2, not-

ing that the system settles well inside 20s. As can be seen,
Evidently, the channel solid temperature is affected by: (1) for a step size of 0.1 s, there is no difference in the results
heat transfer by conduction, (2) heat transfer by convection obtained from the two methods. At 0.5 s there is a small dif-
with the flow and coolant channels, (3) heat generation by ference between the two, with the implicit method repeating
the reaction (total enthalpy change of the reaction (water the results for time step of 0.1s. Since the implicit method
formation) minus the external pow¢8]) and (4) heat of requires the solution of nonlinear equations, it is more com-
condensation/evaporation of water in the flow channels. The putationally demanding, and, for small step sizes, unneces-
boundary conditions, shown i&q. (19) reflect heat losses  sary.
to the surroundings from the edges. It is assumed that there The spatial dependence of the variables at the end of the
is no heat loss along the channel, since the channel is partsimulation time (i.e. at steady state) can be seehign 3.
of a large, symmetrical proton exchange membrane (PEM) The plot shows the computed values indicated by crosses,
stack. with a cubic spline used to indicate the continuous profile.



J. Golbert, D.R. Lewin/Journal of Power Sources 135 (2004) 135-151 139

— 350 T T T 0.74 T r r
E
o
= 349t 1 0.73 E
o €
5 348¢ E ©0.72 g
= 2
© —
@ 347t 1 >0.71 1
3 :
[ L i c — explicit dt=0.1 i
<248 g 07 ——-inplicit dt=0 1
= exp: icit gt =0.5
K-l o —— it dt=0.5
& 345} 1 20.69 tnplici 1
© g
T 3441 1 0. 68 ]
)
z 343 . L . 0. 67 . . .

0 10 15 20 70 5 .10 15 20

tinme [sec] tinme [sec]

Fig. 2. Simulation of system starting from uniform temperature ofGOThe evolution of the average temperature and average power density with time
using explicit and implicit Crank—Nicholson for different time steps.
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140

Table 1
Data for base case presented by Trung and Nguyen
Variable Value
Physical data
Acool (€M) 0.4
Ag (cm) 0.4
d (cm) 0.1
% (cm) 0.1
2 (cn) 0.0106
h (cm) 0.1
L (cm) 10
tm (cm) 0.01275
ap,, (cmé/s) 106
3Do, (cnPls) 106
2Dy, (cméls) 10
a5 (cm) 0.001
Pm,dry (g/cn?) 2
2ps (glen?) 2
Physical parameters
lo (Alcm?) 0.01
Voc (V) 1.1
Do (cré/s) 55x 1077
ke (s71) 100
ko (crm?) 1.58 x 10
© (glemss) 3.565x 103
ks (W/cmPK) 0.005
Uc (W/en?K) 0.025
Ug (W/cn?PK) 0.025
Uw (W/crPK) 0.025
Wn.dry 1100
AH (J/mol) —2.41x 10°
3Cps (J/gK) 1
Operating values for the fuel cell
Mhy,in (Mol/s) 1.14x 10°°
My, i Saturated
M, . (molis) 0
Tain (K) 353
Mo,,in (mol/s) 57x 1076
M}, ,in (mol/s) 0
MY i (molfs) 0
Tein (K) 353
Pa (atm) 1
Pc (atm) 1
Tint (K) 343
lavg (Alcm?) 1.1

aDenotes data that were estimated for this paper.
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Fig. 4. Power—current curve for base case.

formed on the base case system. These step tests are helpful
in determining the influence of various variables on the con-
trolled output. In particular, it is of interest to examine the
influence of the cell voltage on the power density, as shown
in Fig. 5 Note that the response of the power density to
changes in the cell voltage consists of a large initial jump,
followed by a gradual change. The initial response is the
electrochemical dependence, which is instantaneous, having
assumed quasi steady state. The gradual change is due to
the slow transient response of the solid temperature profile,
which affects the electrochemical behavior along with the
guasi-steady-state conditions in the channels. Furthermore,
as can be seen Fig. 5, the response of the power to positive
step changes in the cell voltage depends on the operating
level selected, with the net change of the power density be-
ing either positive at low voltages or negative at high ones.
These changes in the static gainR/AV) are reflected
in Fig. 6 where the static gain is plotted as a function of
average current density for two sets of conditions: the base
case and slightly modified conditions: namely, reactant and
oxidant inlet temperatures of 70 and @D, respectively,
and a hydrogen and oxygen inlet flowrates of 1:710~°
and 8.55x 10 ®molls, respectively. As can be seen in

Clearly, the distributed variables feature significant special Fig. 6, the static gain changes sign for the base case at a

variation along the channel length.

3. Contrallability analysis

current density of about 0.9 A/émOn the other hand, for
the modified conditions, the sign change occurs at a higher
current density-around 1.3 A/émAlternatively, if the cur-
rent density is used as the control variable, the gain be-
tween the power density and the average current density

To obtain smaller, lighter and cheaper fuel cells, they (AP/Ala,g) must be evaluated, as shown kig. 7. Once
should be designed to operate at the highest possible powergain, a sign change is evident. For the base case, this occurs

density. In this regardFig. 4 displays the power—current

at roughly 1.1 A/crd. Again, for the modified conditions

relationship for the fuel cell model, operated at constant the sign change occurs at a different operating point-about
flowrates of the feed streams. A similar result is obtained 0.85 A/cn?. Note that the static gain changes both in mag-
when using a constant fuel utilization factor.
To provide guidance for the analysis of the system dy- other variables change the location of the sign change. This
namics and its controllability, a series of step tests were per-creates severe problems for a control system, since the di-

nitude, but more importantly, in sign as well. In addition,
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rection of the power’s change in response to the control vari- of a fixed-gain controller with integral action, since such a
able (voltage or current density) is not constant and, over controller cannot be stabilized. Two alternative options that
a large part of the operating space, difficult to predict ac- can be made to work are adaptive control and nonlinear
curately. The sign-change in static gain precludes the usemodel-based control.
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Fig. 6. Static gain of power density to changes in cell voltage for base Fig. 7. Static gain

case and modified conditions.
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A simple adaptive controller attempts to compensate for first, with the experience serving also as an illustration of
the changing process gain by adapting itself on the fly. This some of the phenomena discussed earlier.
is difficult to design since the actual behavior of the process ExaminingFig. 7 reveals the near linear dependency of
is dependent on a number of variables (flowrates, compo-the static gain on the current density. Therefore, for control

sitions, temperatures, etc.) as demonstrateeign 6. Thus, purposes, a standard PI controller could use an adaptive gain
an adaptive controller that does not account for all of these inversely proportional to the variable process static gain
inputs will experience difficulties, and consequently, will 1 155+ 1

have limited performance and robustness. Alternatively, a C(s) =
fixed-gain controller can be implemented to control the fuel G(favg) 1.55(s +1) (20)
cell in ranges of operating conditions where a sign change C(lavg) = —1.333/avg + 1.466

in the static gain is not expected. There are two problems

. . To smooth out the otherwise potentially abrupt changes
with this approach:

in the controller gain, the gain value is adjusted using a

1. This kind of system is constantly in danger of straying 0W pass filter with a time constant of 1Big. 8 presents
into the “instability zone,” and, once the system gets the performance obtained with this adaptive controller. Note

there, a controller including integral action and previ- that it performs nicely for the base case (for which it was
ously stable will become unstable when the process gaindesigned), converging within roughly 6s for positive and
changes direction. negative step changes in the power density set point. How-

2. The operating conditions chosen to ensure stable opera€Ver. for the modified conditions, it cannot reach the set
tion are unlikely to be optimal in terms of fuel efficiency POInt of 0.55W/cnf since the controller changes the gain’s
and power density. sign at 1.1 A/cr, instead of at 0.85 A/cfa Note that the

response for the decrease is more aggressive, with over-

A control system that relies on a nonlinear model can shoot because of the inaccurate value of the static gain that
avoid both problems. The model will indicate the actual the controller uses. Full design of a standard controller re-
influence the control variable will have on the system. quires that the uncertainty of the actual process gain be
This is the motivation to formulate a model that predicts addressed.
the behavior with sufficient accuracy while being simple
enough to enable its use in an on-line optimal control
scheme. 4. Model predictive control

3.1. Adaptive control As has been shown, the fuel cell presents a number of con-
trol problems, the most significant of which is the nonlinear-
When designing a control system, a number of re- ity in the vicinity of the peak power density. Furthermore, it
guirements need to be satisfied. The control system mustis of interest to ensure efficient operation during transients
eliminate disturbances and track changes in the set pointand when extreme load changes are imposed. Consequently,
accurately and with sufficient speed. This must be done for it is proposed to tackle these problems using a nonlinear
as wide a set of conditions as possible. Also, it is desirable model predictive control framework.
that the control system be as simple as possible. Therefore, Model predictive control is part of a family of optimiza-
the design of a simple adaptive controller was attempted tion-based control methods, which are based on on-line
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Fig. 8. Control of set point step changes for base case (left) and modified conditions (right).
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optimization of future control moves. Using a process model, MY
-all . i v kchdL w.a sa
the optimizer predicts the effect of past inputs on future out- My, o = My, 4 — RT N Py — P3(To)
puts. Then, using the same model, it computes a sequence a (Xi"Mia
of future control moves, such that an objective function, in- _ hla (24)
cluding penalties on the trajectory of predicted tracking er- F 2

ror, is minimized. The first of the future control moves is

. . S Ugal (Ts — Ti)
implemented, and the entire optimization is repeated from 7, = 7, ;, =
the next step on, and so on, ad infinitum. Feedback is used Y CpiM;
to compensate for the model’s inaccuracies and to ensure

convergence. For a detailed account of nonlinear MPC, the

,k=ac (25)

reader is referred to the excellent review by Henfin MY — p kehdL | My, . P PSYT,
The definition of the optimization problem offers enor- w.e™ Fw.cin o ZNkM_ € fw e
mous advantages for advanced control. Typically, the prob- pomne
lem formulation includes the satisfaction of the set points + & avg <} + a) (26)
for the different output variables (least squared errors). The F 2
optimization problem uses a model of the system to pre- UcoobL(Ts — Tooa)
dict the output variables values and compares them With Tyoq) = Teooyin + — o> 00! (27)
the set points. Hence, the performance of the controller is Cp.wMcool

influenced by the accuracy of the model. In addition, the
optimization problem commonly includes different degrees
of penalty for changes in the control variables. This en-

Similarly, the partial differentiaEq. (18)reduces to the
ordinary differential equation

courages the controller to avoid excessive changes of the dTs  Uga Ucoolb

most “expensive” control variables. The advantage of the 'OSCpSE = T(Ta+ Tc — 2Ts) + (Teool — Ts)
flexibility of the optimization problem is apparent. Differ-

ent degrees of importance can be attributed to set point e [AH 1

satisfaction, control variable step size and absolute values By (E + Vcell) lavg + 5~ AHvap(Ts)
(influencing stability and controller behavior), and other

values of varying importance. For instance, the model's x (MY, , — M}, N ain + MY~ M\Iiv,c,in)
prediction of overall efficiency can be taken into considera-

tion. The optimization can be unconstrained or may include 2Umf (Ts — Tinf) 28)

hard constraints (for example safety limits or downstream
demands on the process being controlled).

The first step in designing an MPC system is the derivation
of a model that the controller will use for the optimization.
This model should be as accurate as possible, while being
simple enough to allow for repeated calculations during the
optimization.

The current density is the solution B§. (9) The solution
method is to solve all the algebraic equations for each time
step of the integration oEq. (28) The solution ofa and
the current density is cascaded in the following fashion, as
shown inFig. &

1. Receive the cell voltag€:e.
4.1. Reduced model — multiple CSTRs 2. Guess the cell current denslty
3. Calculate the molar flows of oxygen and hydrogen.
This simplified model neglects the spatial dependence of 4. Guessy;.
the variables in the flow channels. In essence, this assumes 5. Use the solid temperature to calculate the saturated pres-
CSTR conditions of the reactants and oxidant, and of the sure in the anode and cathode (this simplifies the solu-

coolant, as well. Therefore, differentiglys. (1)-(8)educe tion).
to the following algebraic equations 6. Calculate the molar flows of the water vapors (see be-
hL low).
My, = T ——Tavg+ MH,,in (21) 7. Calculate the temperatures of the flow channels.
8. Calculatex and converge (step 4).
hL 9. Calculate the voltage and compare to set voltage
Mo, = =7 lavg+ Moy in (22) 10. Change current accordingly (step 2).
The calculation of the water content in the anode and cath-
khdL MY ode for a given current density is somewhat tridkgs. (23)
My =My i+ — { ek py — P\f,at(Tk)} , and (24)are appropriate if the liquid and vapor in the chan-
RTk > Mi nel are in equilibrium. This means that liquid water remains

k=ac (23) in the channel, either by condensation or by only partial
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Fig. 9. Flowchart for the solution of the reduced model.

evaporation of feed liquid water. Rearrangikg. (24)re-
sults in the following expression

kchdL
_Mvvv?a + ( C—(PSA(Ts) — Pa) + My, oin — M,

RTs
x —Tfavg) My.a+ ( RT

hLMy, o 1.
+ My, MY, 4 — HTZ""VQ) -0 (29)

This is easily solved, giving two solutions for the water
vapor content. For the solution to be physically meaningful,

migrating water is simply the difference between the inlet
flows of water (liquid and vapor) and the outlet flows

migrate= My, 5 in + My ain — Myy.a— My o (31)

,a,in

This value is then used in the calculation for the water
content of the cathode. In a similar fashion to the anode,
Eqg. (26)is rearranged to give

2 kchdL
_M\\I/V,C + (M\\rlv,c,in — Mn, — Mo, — (I;T (Pc — vavat(Ts))
S
. hL kchdL
+migrate+ ﬁlaw) Myt ( R B (T9) + My cin
. hL
+ migrate+ ﬁla\,g (Mn, + Mo,) =0 (32)

whose solution is used ikq. (23)to calculate the liquid
water flow in the cathode. Once again, if neither result of
Eq. (32)is physically feasible, the liquid flow is zero, and
the vapor flow is calculated using

| . hL
+ M + migrate+ —

M\\//v,a: My, w,a,in ZFIan (33)

w,a,in

M\I/v,a =0

Note that this includes water vapor generated by the re-
action.

At high current densities, there are problems converging
the current, since it assumed that there is no pressure drop
in the channel. Obviously, if gas molecules are depleted
(by reaction and condensation), the pressure will drop, as
well. This causes problems since if the total pressure drops,
the partial pressures drop, as well. Otherwise, the partial
pressures are dependent solely on thgos between the
components. Therefore, the partial pressures are calculated
using

2 M
Assuming ideal gases, we can use
Prot T M

o e 35
Pref Tref Z Mi,ref ( )

P Prot (34)

the solution must be greater than zero and noncomplex. Theyg relate the pressure to the temperature and mole flows in

liquid water is then calculated usirky. (23) If there is no
physical solution forEq. (29)it means that liquid water is
not in equilibrium with the vapor. In other words, the liquid P, =
flow out of the channel is zero and the water vapor is the sum
of the inlet flow water vapor and liquid water subtracting

the water migrating

hLo

+ MY, 2in — —avg

vV _ AV
MW,a_M w,a,in F

w,a,in

(30)
My =0

If the result of this calculation is negative vapor flow, it
means that the guessed valuesw@ndl are not feasible, so
for the sake of the calculation/y, , is taken as zero. The

the channel. This results in

Lpref (36)
Tref Z Mi,ref
which expresses the dependence of the partial pressures of
the components on the mole flows and the temperature in
the channels. The reference values are those at the channel
inlet.

This model assumes uniform conditions at all points in the
channel. If this leads to unsatisfactory accuracy, dividing the
system into a number of consecutive CSTRs can incorporate
a certain amount of spatial dependence. In this case, the
output of one is the input of the next. The assumptions used
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Fig. 10. Comparison of the full model between the multiple CSTR model using 100 CSTRs with no heat conduction — the average current density vs.
time and the current density profile at steady state.

in this model are: ature profile. When considering the transient behavior over
time, it is important to realize that the multiple CSTR model
will not agree entirely with the full model, since it does not
. . account for heat exchange by conduction like the full model.
Heat is only lost to the surroundings from the two outer- The asymptotic case is if the heat transfer by conduction co-

most CSTRs. fficient is zero or negligible. The results of the full model

3. Theinlet temzersturehs are lIJsed to C&lCUl?.te ;t]he sr?turattlaind the multiple CSTR are presentecFig. 1 As can be
pressures and the physical parameters in the channe Sseen, the two models are in excellent agreement.

This is done because the water flow depends on the chan- It is important for the model to accurately predict the tran-
nel temperatures (condensation). The current, in turn, de- ient, open loop behavior of a fuel cell under varying condi-
pends on the water c.ontent, and the temperat}Jres deF)en‘ions, since the performance of a control system relying on
on the current. If the m]et temperatures weren’t used, the this model depends directly on the model's fidelfjg. 11

result would be a nonlinear equation. compares open loop response of the system to a step change
in the current density from an initial value of 0.5 A/érto

. . ... 0.8 Alcnt using the full model and the reduced model using
The following results display the reduced model’s ability varying numbers of CSTRSig. 12shows the same behav-

to predict the behavior of the full-order model. First, it is ior for a current density step change from 1.1 to 1.4 Alcm
necessary to ensure that the CSTR model is appropriate by As can be seen, the prediction capabilities of the reduced

comparing the full model with a large number of CSTRs. We model are greater at low current densities than at high densi-

expect that the two models pred|ct |dent|c_a| profll_es Of the ies. This makes sense since the spatial dependencies exhibit
temperatures and concentrations for any given solid temloer'significantly higher variation at higher values of current

1. There is no heat transfer by conduction between two
neighboring cells.
2.

4.1.1. Results

0. 65 : : : : 0.78 ‘
A e — full
r- 0. 76¢ --- 1 CSTR
.. w5 CSTR
< 0.6/ 1 <C0. 74k LN -- 10 CSTR
2 — full 2
=2 --- 1 CSTR =2 0.72f
—0.55} . 5 CSTR 1 —
> -- 10 CSTR > 0.7
g go. 68}
3 0.5} g
- _0.66
: :
80. 45F—==== 80.64
0. 62}
0. 44 5 10 15 20 25 0.8 5 10 15 20 25
tinme [sec] tinme [sec]

Fig. 11. Open loop response to a step change in the current density fromFig. 12. Open loop response to a step change in the current density from
0.5 to 0.8 A/crd. 1.1 to 1.4 Alcrs.
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density, and the reduced model neglects this variation. Inidentical equations and assumptions, differing only in nume-

Fig. 12 one can see that the 10-CSTR model, while failing rical approach. Note that Amphlett's approach is significa-

to predict the value accurately, still retains the characteristic ntly faster, but cannot be expanded to more than one CSTR.
behavior nicely, whereas the single CSTR model accurately

predicts the steady state change in power density. This is4.3. The optimization problem

important to remember when discussing model-based con-

trol, since the quality of the controller depends directly on  The objective function for the MPC controller is the min-

the quality of the model. imization of the sum of squared errors between the desired
set point and the actual trajectory of the power output, with
4.2. Amphlett-based reduced model an additional penalty imposed on rapid changes in the ma-

nipulated variables

The solution of the previously mentioned model for a 20 s th
horizon occupies 2s of CPU time on a 2.4 GHz computer. f(u) :/ [W(t)(P(u, 1) — Psed))?
This is clearly too slow for practical purposes, since this 0
calculation is at the heart of the MPC objective function. du; |2
Moreover, there is no way to calculate an analytical gradient +Z Si(®) (E) ] dr
for the optimizer forcing the optimizer to calculate one nu- !
merically, at each iteration. Therefore, a new method is in- The weight functionsW and § are used to increase the
troduced, based on Amphlgtt], where the current density  importance of specific variables at given instances. For ex-
is set, and the cell voltage is calculated. Amphlett used ma- ample, the weights may increase over time to ensure rapid
terial and energy balances coupled with a parametric model,convergence with no offset. The function is discretized over
which forecasts the electrochemical behavior to model the time, obtaining the following algebraic function
dynamics of a fuel cell. This paper usksgs. (9)—(16)to
predict the electrochemical conditions. As the model sup- /@) = (P@) = Psed” W(P@) — Psed + ) _ du;” Sidlu;
ports no spatial variation, it is good only for a single CSTR i
description of a fuel cell. (38)

In_ this method, the cu.rrent densﬂy is set and the only it- The vectorP(u) is the actual value of the power density
erations performed provide the solution of the water content o¢ he gifferent time steps in the prediction horizon, while
as .demo_nstrated prewously. In this formulation, the mqu element of vector di is the value ofu at time stefi minus
variable is the current density, and once the water content isji5 ya1ue at time step— 1.

established for that current density, the voltage can be ex-  Note that the actual variables in the optimization are the

(37)

plicitly calculated using=q. (9) changes in values from each time step to the next. This
means that the value ofat time steg is simply the initial
4.2.1. Results value ofu plus all the values ofiu up to time step.

Fig. 13 demonstrates that the Amphlett-based model is
identical to the 1-cell CSTR model. In this example the 431 Results

current density is changed from 0.9 to 1.1 Afcm Fig. 14shows the performance obtained with MPC for the

As can be seen, the two methods are in complete agreegified conditions of the base case abig. 8(using adap-
ment. This is hardly surprising since the two methods rely on
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Fig. 13. Comparison of Amphlett based model and 1 CSTR. Fig. 14. MPC response for modified conditions of base case.
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Fig. 15. MPC response for modified conditions of base case to power Fig. 17. Multivariable control foPse; = 0.6 W/cnf.

density of 0.54 W/crh

tive control). As before, the current density cannot satisfy the

increase in power demand, but this time, the controller doestemperature are used as control variabfég. 16shows the

not experience loss of stability. Furthermore, the responseperformance to the same set point changes as sé&ég.ih5

of MPC in tracking a demand to decrease the power outputin which only current density is used. Comparing the results,
performs significantly better than the adaptive controller. In it can be concluded that the addition of the coolant tem-
Fig. 8, there is a noticeable overshoot because of the processerature increases the complexity of the controller without
gain uncertainties, whereas the MPC controller drops the contributing to the performance. On the other h&fid, 17
power density to the required level in only three seconds, de- shows that the coolant temperature can be used to enable the
spite the model uncertainties. It is important to note that the system to reach values that would otherwise be out of reach.
observed phase lag in the MPC response in due to the factFig. 14shows that the current density alone can not force the

that the solution to the MPC optimization problem is only
implemented at the next control stdfig. 15 demonstrates
the effectiveness of MPC when operating in the vicinity of

system to reach 0.6 W/dnwhereas using both variables, as
in Fig. 17, the system reaches the set point in five seconds.

the sign change in static gain. Recall that the sign change

for the modified conditions occurs at 0.85 A&nis seen
in Fig. 15 the control variable, the current density, crosses
that value with no ill effects.

Figs. 16 and 1demonstrate the multivariable capabilities

5. Conclusions

A detailed model of a fuel cell and its simulation has iden-

of MPC. Here, both the current density and the coolant inlet tified severe nonlinearities in the response to a change in the
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Fig. 16. Multivariable control using the current density and coolant inlet
temperature.

current density. The sign change of the static gain, which
occurs within the normal operating range of the device, to-
gether with the uncertainty of the precise location at which
this occurs, indicate that nonlinear control is required to ad-
equately regulate the power output of the fuel cell in the
case of drastic load changes. Use of nonlinear model pre-
dictive control enables accurate control in the case of such
uncertainties, with multivariable control improving perfor-
mance. The use of the MPC algorithm for fuel efficiency
while satisfying load-change demands is work in progress.
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Appendix A. Derivation of the electrochemical and
equations dPo,(x,y)  Po,b(x) — Po,s(x) (46)
The voltage of the cell as a function of the current density dy o
can be evaluated as follows Thus, comparing the oxygen approaching and being con-
I(x)t sumed at the surface
Veell = Voc — n(x) — =, (39)
om(x) _DPoz(x, 8) — Po,,s(x) _ _@ (a7)
where the first term on the right is the open circuit potential. 8 4F
Yi and Nguyen assumed a constant open circuit potential, and isolating
since their analysis was under isothermal conditions. How- $1(2)
ever, since this equatpn WI|| be used under transient condi Po,.s(x) = Po,p(x) — (48)
tions, the Nernst equation is used to account for temperature 4FD
and species compositions In the same fashion
RT [ Pw, PO} 51(x)
Voo = Ve + oin | ——2 (40)  Prps(®) = Prpp(x) —
2F Ph,0 2FDy, (49)
SI(x)
The second term is the activation overpotential. It is de- PH,0,s(x) = PH,0,b(x) + >FD
rived from the Butler—\Volmer equatid@] for the case where H20
the second expression (anodic) can be neglected (high cur- This is inserted intdEq. (43)giving
rent densities/overpotentials)
Y aRIE))
= g | €025 —aFn(x) [PHZ’b(x) <2FDH2)]
-0 Co,.p(x) X RT SI(x) 0%
| [0~ (2]
— Chiz.s(1) X <(l — ) an>:| (42) Veel = Vc?c + 2—|n 5 2
Crip b(%) RT d Proon + (226 )
In fuel cells, the overpotential is mainly at the cathode so
the Tafel equation can be used
RT. I(x) RT. 1(x) RT 1(x) 1(x)tm
nx) = S |n( ) ~ S n (— , - 7|n 51 - om(x) (9)
0.5a¢F  \ IpPo,(x) F IoPo,(x) Io(Poy.p(x) — (4FDO ) m(x
2

(42)
It is clear that as the current increases, the cell voltage

0 . .
wherel” is the exchange current density. decreases. The voltage on the electrodes must be constant
Yi and Nguyen used the bulk oxygen partial pressure as qying to the high conductivities of the electrodes.
the partial pressure at the surface

1/2
Py, P . . .
Veel = VO, + ;Em (M) Appendix B. Solution of current density
F Pr,0
RTs 1(x) I(X)fm Eq. (9)is a relatively difficult equation to solve numeri-
- TI ToPo, (%) T om(x) (43) cally for 1(x), since it does not behave nicely at low num-

bers and negative numbers are not acceptable. Neglecting the
This should be changed, since the concentration overpo-concentration overpotential results in an easier expression
tential is not taken into account. Assuming constant diffu- to solve. Taking an exponent of both sides and rearranging
sion coefficient in the ga®), and a diffusion layer thickness  we can define
3, we can say that at steady state conditions the oxygen ap-

proaching the surface is equal to the oxygen reacting A= I(x) Zexp Veu — V0 I(xX)tm 2_F

2P dP Lk T omx) ) RT
—D— 22 =0 = 0O, —= const (44) p P5/2

dy dy _ o g (50)
However, bulk and surface pressures can be defined. Inte- Prz0
grating yields: Each point along the channel must satisfy this equation.
Po,(x, 8) — Po,.s(x) 45 This is a rel_ativ_ely easy functio_n_ to solve, s_ir_1ce its first and

Po,(x, y) = Po,.s(x) + 3 y (45) second derivatives are unconditionally positive
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2F

RT

df

dr/

1(X)tm

om(x)

1

2—exp ((Vcell - Vc())c +
0

tm F

)=
om(x) R_T}

This type of function is well-suited to Newton’s method,
which converges very quickly. In any case the solver backs
up Newton’s method with bisection iterations.

If the concentration overpotential is not neglected, (9)

is manipulated to give
2.5
) (POQ,b(x) - )

S1(x) )

2FDh,0

I)m\ 2F 0
om<x>> ﬁ) B
(53)

x [I(x) + I(x)? (51)

81(x)
2FDy,

81(x)
4FDo,

fU(x) = <PH2,b(x) -
I(x)2
T2

0

X eXp((VCe” — V(?C +

(PHZO,b(x) +

whose first derivative
di _ 1(x)28 eXp(2F/RT(Veel — Vo, + (I(x)tm/0om(x))))
dr 2Dy,0F13
21(x) eXp2F/RT(Veent — V& 4 (1(x)tm/om(x))))
(Pr,0,0(x) + (81(x)/2FDn,0))
1§
0.62%5(Py,,,(x) — (81(x)/2FDHn,)) (Po,,b(x)
—(81(x)/4FDg, )+
Do, F
_ 8(Po,p(x) — (81(x)/4FDo,))>°
2Dy, F
21(x)? exp2F/RT(Veel — VO, + (I(X)tm/om(x))))
Ftm (Pr,0,b(x) + (81(x)/2FDy,0))
10?2RTom(x)

(54)

is unconditionally negative. The second derivative, however,
may change signs, which can be problematic for Newton's
method of solution. Consequently, Newton’s method may

149

equations as formulated depend on whether or not liquid
water is present in the channel. Obviously, if liquid water
is not present there can be no evaporation regardless of the
vapor partial pressure. The simple solution of adding a logi-
cal switching condition introduces stiffness to the ODESs be-
ing solved, which can easily lead to unstable or oscillatory
numerical solutions. Instead, the ODE solver implemented
uses MATLAB'’s “events” option, which checks for a num-
ber of situations:

1. Cathode or anode liquid reaches zero.
2. Cathode or anode vapor partial pressure reaches its sat-
urated pressure.

In each case, the ODE solver terminates the integration,
returning the calculations up to that point and restarts cal-
culation with a different set of ODEs. For example, if there
is no liquid water in the cathode and the vapor pressure is
below saturationEq. (3)is not used. When the cathode be-
comes saturated, the integration terminates and is restarted
from the same point, this time usirkgg. (3)

In addition, it is noted that the system of equations in-
volves variables with scales of several orders of magnitude
apart-namely, the temperatures are in K of gjMhile mo-
lar flow rates are in mol/s of o(1@), which again leads
to problems in their numerical solution. This is resolved by
scaling all molar flowrates using the value of the inlet molar
flow of hydrogen, and all temperatures using the tempera-
ture of the solid ak = 0, for example

MHZ(X) = MHz(O)MHz,scalec(x)
Ta(x) = Ts(O)Tascalec(X)

The ODEs used in the actual integration are modified to
use the scaled variables.

experience convergence problems, depending on the value®\ppendix D. Solution of transient PDE

in the equation, and should be protected using bisection

iterations.
As said before, this value dfx) is used in the ODEs.
Since the membrane conductivity, temperatures and con-

The transient PDE describing the temperature profile of
the solid in the channel directioftq. (18) is solved using
the Crank-Nicholson method. This method approximates the

centrations change along the channel, the local current denPartial differentials by finite differences, resulting in a sys-

sity will vary, as well. Note that since all the changes are
continuous, the previous solution fi{K) is an excellent ini-
tial guess forl (x + dx).

Appendix C. Resolving problems when integrating
along the channé

As stated inSection 2 numerical solution of the system

equations presents several challenges. Firstly, the system

tem of algebraic equations, which describe the dependence
of the temperature profile at tinje+ 1 on the profile at time
j- This system is solved starting at the initial conditions, with
each solution giving the temperature profile at the next time
step.

Introducing the following expressions

Y = B1(Ta+ Tc) + BoTw

M! M! M! (59)
— Pw,a i+l w,a,i71+ w,C,i+1

|
- Mw,c,i—l
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Eqg. (17)becomes

Tsijv1— Tsij aTs,i+1,j+l/2 — 2Tsij+172 + Tsi—1j+1/2
At Ax?

AH
- + Vcell

+ Yijr172 — Vsij+i/2 8<2F

¢
X Lijy172 + EAHvap(Ti,j+l/2)Mi,j+l/2
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case, a small step size should be used, to ensure stabil-
ity. Discretizing Eq. (19) for the edges and rearranging
gives

—(3k + ZAXUC)TS,LH_l + 4kTS’2,j+1 — kTs,S,j-&-l
2AXU Tint

KTsn—2,j+1 — 4KTsp—1,j+1 + (Bk + 2AXU ) Ts 11
= 2AXU Tinf

(59)

(56) Arranging all the equations into matrix form and defining
matricesA andB, and vectorC:
[ —(3k +2AxU,.) 4k —k 0 0 ]
0 0
2Ax?
0 — al + 20 + )/sz —a 0
A= At (60)
| 0 0 k —4k 3k +2AxU. |
[0 0 O 0 0]
Inserting expressions for the solutions on the “half-way
point” in terms of values on the solution grid o o 0 0
2
Tsivyjr1+ Tsitj 0 2Ax —20—yAX®) « O
Tsit1,j+1/2 = > ) B— At
Tsij+1+ Tsij =
Tsi j+1/2 ¥ W (57)
Tsi-1,j+1+ Tsi-1,j
Tsio1j1/2 ~ ——=It > SR 0 o o
| 0 0 0 0 0]
and rearranging gives (61)
2Ax2 2 _ - _ -
—aTsit1,j+1 + AL + 20 + yAx ) Tsj jr1 — @Tsi-1, 41 0 0
, Y2,j IZ,j
2Ax AH
= O{TS_[+1_j + < A — 200 — )/sz) Ts,i.j g: 2Ax2 — 2A_x28 (ﬁ + Vce||)
Yo—1i I, —
, , AH n—1,j n—1,j
"FO[Tsi—l,j + 2Ax Yi,j+l/2 — 2Ax%e ﬁ + Veell | 0 | L 0 |
o [ —2AXU,Tint | [0 ]
X I; 4172 + AXAHyap(T; i41/2)M; 5
12+ @ vap(Ti, j+1/2) Mi j1/2 (58) 0 AHyap(T2. ) M2,
. . + + ¢Ax
Recall thatY andl are calculations based dr. Solving ) )
this entire system implicitly requires iterations of guessing 0 AHyap(Th—1,j)Mn-1,;
the profile of Ts at timej + 1, calculatingY and| at time | 2AXU Ting L O i
j + 1, and inserting them into the equation. The right hand (62)
side will then be a vector, and the linear system can be solved _ _
resulting in a calculated profile fdf. The guess foils can The linear system can then be written as
then be iteratively updated, until the solution fyat time ATjy1 =BT, +C (63)

j + 1 converges.
Alternatively, Y and | can be used explicitly, in which

Note that matricesA and B remain constant for all times

case the linear system can be solved immediately. In thisand onlyC needs to be updated from time step to time step.
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If the system is to be integrated implicitly, Eq. (58) be-
comes

2Ax? 2
—aTsiy1j+1+ AT + 20+ yAx® ) Tsj jy1 — aTsi—1,j41

2Ax? 5
= aTsyj.,.l,j + T — 2(1 — )/Ax T&i,j

+oalsi-1;+ szyi,ﬂ-l + szY,',j — Ax2s

AH , (AH
X SF + Veell ) 1ijr1 — Ax%e SF + Veen ) 1

Ax Ax
+ %AHvap(n,jJrl)Mi,jJrl + %AHvap(Ti,j)Mi,j
(64)
In which case
-0 _ -0 _
Y2, Iz,
C = Ax? Ax2e (2H +V,
= Ax — Ax —
=2 a cell
Yi-1,; L1
L O i LO i
[ —2AXU Ting | [0 ]
0 AI‘Ivap(TZ,j)IWZ, j
n " PAx
. 2 .
0 AHvap(Tn—l,j)Mn—l,j
| 2AXU Ting | | 0 i
(65)
o _
Y2 i1
2 > (AH
D(Tj11) = Ax — Ax%e [ =— + Vel
L= 2F
Yu—1,j+1
— O -
[0 T [ —2AXU Tt ]
I 11 0
X +
Ih-1,jv1 0
| 0 ] | 2AXU Tint

151
o -
A['Ivap(Ti,j-',-l)1‘41',,/—&-1
+ % : (66)
AHyap(T;, j+1) M;, j+1
- 0 -
The nonlinear set of equations is
ATs jy1+ D(Ts j+1) = BTs j + C(Ts ) (67)

This is solved using a relaxed successive substitution
method where

Tsjr1 = f(Tsjs0) = AXBTs ) + C(Ts ) — D(Ts j+1)
(68)

This can be accelerated or damped using Wegstein's
method.
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